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A Kinetic Theory of Dense Fluids
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A new kinetic equation is developed which incorporates the desirable features
of the Enskog, the Rice-Allnatt, and the Prigogine-Nicolis—Misguich
kinetic theories of dense fluids. Advantages of the present theory over the
latter three theories are (1) it yields the correct local equilibrium hydrodynamic
equations, (2) unlike the Rice-Allnatt theory, it determines the singlet and
doublet distribution functions from the same equation, and (3) unlike the
Prigogine—Nicolis—Misguich theory, it predicts the kinetic and kinetic—
potential transport coefficients. The kinetic equation is solved by the
Chapman—-Enskog method and the coefficients of shear viscosity, bulk
viscosity, thermal conductivity, and self-diffusion are obtained. The predicted
bulk viscosity and thermal conductivity coefficients are singular at the
critical point, while the shear viscosity and self-diffusion coefficients are not.
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1. THE KINETIC EQUATION

Several years ago Rice and Allnatt™” (RA) developed a promising kinetic
theory of liquids based on the following idea: A molecule moving through a
dense fluid will undergo a motion in which it experiences a “Brownian”
motion through the average potential field of the neighboring molecules with
intermittent binary, hard-core-like collisions occurring when the molecule
moves within the strongly repulsive force field of a neighboring molecule.
More recently Prigogine, Nicolis, and Misguich (PNM)®-% presented a local
equilibrium model which follows the Rice—Allnatt decomposition of the
motion into hard-sphere binary collisions plus continuous field interactions.
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The PNM model neglects distortion of the singlet distribution function from
local equilibrium and, consequently, cannot be used for prediction of diffu-
sional transport properties. However, for thermal conductivity and viscosity
the PNM theory is as good as or better than the RA theory in the low-
temperature, high-density region where neglect of the singlet distortions is
reasonable.

The RA theory has the shortcomings that two different kinetic equations
must be solved for the singlet and doublet distribution functions, respectively,
and that the RA kinetic equations generate incorrect lowest-order hydro-
dynamic equations. The PNM theory also does not generate the correct
lowest-order hydrodynamic equations and, furthermore, neglects diffusional
phenomena and the kinetic contributions to the transport coefficients by
neglecting the distortion of the singlet distribution function from local
equilibrium.

‘What we wish to do in this paper is develop a theory which incorporates
the desirable features of the RA and PNM theories, eliminates the short-
comings mentioned above, and, not least by any means, takes as a starting
point a very simple kinetic equation.

We shall consider a system of N identical structureless particles inter-
acting with pairwise additive, centrally symmetric forces. The pair potential
will be decomposed as follows:

Vir) = VH(r) + VS(r)
VE(r) = 0, r>=o 1))
Vs(r) =0, r<o
V' denotes the strongly repulsive, short-range part of the potential energy

and V'S the softer, longer-range part. The hierarchy equation obeyed by the
singlet distribution function f(x, v , ¢) for particle 1 of the system is

Of + vi - Vof = +(1/m) f ViV(%10) * 01fo(X1 , Xz, V1 Vo » ) dXp AV,
= (0 flot)" + (1/m) J‘ ViV8(Xyp) * 01 f5(X1 5 Xa 5 Vo, Vat) dX, dV,

)]
where
(@S]0t = (1/m) J- ViV H(X1p) * 01fo(X1 5 X5 V15 Vo, 1) d%p AV 3
9, = ofot @
V, = 8/0x; (5)
0; = ofov; (6)

J» is the doublet distribution function, and x;, = x; — X, .
Equation (2) is a continuity equation for f. The terms on the rhs of (2)
represent the rate of change of f due to collisions of particle 1 with the back-
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ground particles. The first assumption of our model is that the contribution
from the strongly repulsive interactions (8,//0¢)" can be approximated by
the binary hard-core collision operator. Thus, we have assumption one:

@1ty =0t | [fux, %+ ok, v, v, 1)

Vo3 k>0

— foXy . %y — 0K, vy, Vo, )] vy " kK dk dv, )

k is a unit vector directed from the center of molecule 2 to the center of
molecule 1, dk is the incremental solid angle associated with k, and v," and
v, are the resulting velocities of a pair of molecules with initial velocities
v; and v, which undergo a hard-sphere collision. Note that we do not make the
chaos assumption of Enskog'® that f, can be factorized into the product of
the singlet distribution functions and the local equilibrium radial distribution
function. Although we shall not do so in any computations presented here,
the fact that VH is not the hard-sphere potential for real systems can be
compensated for by assuming the cutoff diameter ¢ to be temperature-
dependent. This is done with a good deal of success, for example, in the
scaled particle theory of equilibrium properties of liquids.‘®

To obtain a solvable equation for f, we must relate f, to f. The so-called
“master equations” give a formal solution to this problem by relating f,
to the initial correlations in the system and to f through a nonlinear, non-
Markovian collision operator. In an important paper evolved from the
“Brussels school,” Severne!” has shown that in the transport or long-time
limit the contribution of the initial correlations decay to zero for fluids with
initial correlations of finite range, so that f, (and f, for that matter) is a
functional of f.

At this point it is useful to introduce the doublet correlation function
g, defined by the expression

(X1 5 Xp 5 Vi, Vo, 1) = fo(X0 5 Xo, Vo, V2, 8) — f(Ry, ¥, )f (Xa, %2, 8) (8)
and its Fourier transform
&l Vi, ¥y 53Xy, 1)
= (1/87%) f dxy [exp(il * Xo1)] g2(X1 , X1 + Xa1, V1, Vo, 1) €)
To lowest order in the interaction potential (i.e., to the weak coupling
approximation), Severne’s exact long-time form for g, is
gL vy, Vo X, 1) = % f dx, 8(%; — X,) eXp (——in . —gl—)

1
X TV — (v Vy v, V) — 76, — i0

X Ve 0o f (X1, ¥, ) f(Xz, V2, 1) 10)
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where 8,, = &; — d, and V; is the Fourier transform of ¥(x;,) defined by
the relation

Vv, = (1/8) j dr [exp(—il - 1)] V(1) (11)
and where the abbreviation
im 8(4) + P(1/4) = 1/(4 — i0) (12)

with 4 =1+v;, — i(v; * V; -+ v, * V) — i9,, has been used. Here & is the
Dirac delta function operator and & is the principal part operator. The
operators v; - V, and 9, in A4 arise, respectively, from the time evolution of
spatial delocalization and from the time evolution (memory) of the distri-
bution functions of colliding particles. These “temporal” effects contribute
to the nondissipative part of the hydrodynamic equations as well as to
the transport fluxes. Dowling and Davis®® have presented a detailed
study of the temporal contributions in the weak coupling kinetic
equation.

Severne’s full result for g, involves a complicated operator expansion in
powers of the interaction potential V. The integrand of Eq. (10) is the first
term of the expansion. According to the diagram theory of Prigogine and
co-workers, one tries to pick out a dominant and tractable class of terms
from the exact expansion of g, . The PNM theory, to be discussed in a later
section, is based on summing a certain infinite class of terms which, when the
f’s are approximated by their local equilibrium values, leads to a result of
the same basic form as Eq. (10) but with ¥} replaced by a combination of the
local equilibrium radial distribution functions. Thus, roughly speaking, the
effect of the many-body interactions in the fluid is to replace the bare two-
body potential in Eq. (10) by an effective many-body potential. On the other
hand, one obtains immediately the RA result if, in Eq. (10), (1) the spatial
and temporal delocalization operators are neglected, i.e.,

exp(—iVy * 8fel) ~ 1 and A=~1v, —i0

and (2) ¥V, is replaced by the effective potential —k7'G,, where G, is the
Fourier transform of g(r) — 1, g(r) being the local equilibrium radial distri-
bution function. The resulting g, , combined with Egs. (2) and (7), gives the
RA singlet kinetic equation.

‘What we propose to do now is introduce an ansatz, motivated by the
experience of the RA and PNM theories, that incorporates the basic features
of these theories and eliminates some of their shortcomings discussed above.
Accordingly, our second and last approximation is assumption two:
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The transport doublet distribution function is of the form
glvi, vy 5%, 1) = (1/m) f dx, 6(%; — X,) exp(—iV, - 9/l

X AL vyg — i(vy " Vy -+ ¥y = Vy) — i6; — i0]}

X 7l((xl + XZ)/Z, t]l - a12f(X1 > Vi, t)f(X2 > Vo, t)
(13)
where V((x; -F X,)/2, t) is an effective potential chosen to satisfy the following
conditions:

(1) Equation (13) is exact in the weak coupling limit (i.e., ¥; reduces
to V; to first order in V).

(2) Equation (13) is exact in the equilibrium limit.

(3) Equation (13), when inserted in the kinetic equation (2), leads to the
exact nondissipative hydrodynamic equations which occur in the
Chapman-Enskog solution of the kinetic equation.

The choice of V; that satisfies these three conditions is
Vi = —kT((x; + X5)/2, 1)G((X; + X5)/2, 1) (14)

where
Gy = (1/87%) [ dr fexp(—il - D)][g(r) — 1] (15)

T((x; + X,)/2, t) is the kinetic temperature evaluated at the center of mass of
the colliding particles and g(r) is the equilibrium radial distribution function
evaluated for the density and kinetic temperature at the center of mass
of the colliding particles. This choice of ¥, also has the advantages that in the
limit that the f’s have their local equilibrium values, Eq. (13) is very similar
to the PNM result for g, and in the limit that spatial and time delocalizations
in the integrand of Eq. (13) are neglected, the RA kinetic equation results as
well as Enskog’s original hard-sphere kinetic equation when V'S = 0. Because
of the neglect of the spatial and time delocalizations in Eq. (13), the RA theory
does not satisfy condition 3 and one has to go to a Schmoluchowski equation
to calculate part of the transport coefficients.
Thus, in summary, our basic kinetic equation is

Of + vy Viof + mFS(xy, £) - 0, f
= o? j oy it 3 ok v vy 1)
— (X1, X — ok, vy, ¥y, 1)] vy * k dk dv,
— i@mim) [ Vil 6,80, v1, va 5%, 1) d dv,
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=0t [fa, v 0 fGa + ok, v 1)
Va1 k>0

—f(Xl 5 V]_ 5 Z‘)f(Xl - O'k, v2 s t)] V21 ¢ k dk dV2
+o [ {lexp(—il ko) gl v, '3 %y, 1)

Vo1'k>0

— [exp(+4il - ko)] go(l, ¥1 , Vo ; Xy , 1)} Vo * k dk dv, dl
— i(873/m) j V- 8,85, vy, Vs 3 Xy » 1) dv, dI (16)

where FS(x, , t) is the Vlasov force
B, 6) = Vi [ V3002) f(Xa s Vo £) %, iy a7

and gu(l, vy, vy ; X, #) is given by Eq. (13). The generalization of Eq. (16)
to multicomponent systems is immediately obvious and, perhaps more
importantly, the generalization to include the rotational degrees of freedom
of polyatomic systems. These generalizations are currently being studied.

2. CHAPMAN-ENSKOG SOLUTION TO KINETIC
EQUATION

Since we are interested only in linear transport phenomena here, it is
useful to expand the spatial and time operators in the integrand of Eq. (13)
and keep terms only through first order in V, and 9;, i.e.,

exp(—iVy - 9fl) = 1 — iV, - 9/dl + --- (18)
1
levy —i(vy s Vi + vV, 4+ 9;) —i0
. 1 i(vy *Vy + V5,0V, 4 39)
- l * vlz . iO + (l . V12 I i0)2 + (19)
To first order, then, we have
&L vy, vy %, 1) =gt + gP + g¥ + g (20)
where
—-137
o =TIy g v, 0 v, 1) @1
1wy —i0
] 0 Vi((xy + %9)/2, 1)
@ — b _ Lo VallXy 2
& T T fdx28(xl XD Ve G Ty, 0 )

y alzf(xl > V1, t)f(xz > Vo, t) (22)
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Vixy, 1)

i
gP = E‘atml "0 f Xy, Vi, ) (X, V2, 8) (23)

(4):i o Vi'Vib vV, - rxg - X,
g = 5y | dxad0n —x) (- v,y — iOF 7 (7 1)1

“O1of (X1 5 X, 1) f(X2, V2, 1) (24)

The term g2 arises from the spatial delocalization of colliding particles,

2'? from the memory or time dependence of the distribution functions during
a collision, and g’ from the evolution of spatial delocalization during a
collision.

We shall also introduce in the Boltzmann-like term in Eq. (16) the
expansion

fxy ok, vy, 8) = f(Xq, Vs, 1) ok Vi f(xy, Vs, 0) + - (25)

Introducing the notations

In=o [ [ m 0 6w

va1-k>0
— Xy, V1, 1) (X, Vo, 2)] Ve * kdk dv, (26)
I =0 [ K [f, w1 Vaf G, Ve 1)
Vo k>0
— [, Vi, ) Vif(Xy, Ve, )] v~k dk dv, 27N

Je) = o[ {lexp(—il- k)] g0, v, v, %y, 1)

¥a1°k>0

— [exp(il - ko)) g, v, , v, ; X, , 1)} V,, “kdkdv, dl (28)
B(gh) = —in%m) [ V518,800, %, %, 3%, , 1) dy, dl (29)

we obtain the following form for the kinetic equation appropriate for the
computation of linear transport properties:

4 4

Ouf + Vo Vof + mFS(xy , 8) * 6,f = Jpy + Jpa + Z J(g™) -+ Z #(gl)
i i

(30)

Equation (30) is still nonlinear in the singlet distribution function f.
Linearizing by the Chapman-Enskog method,® we obtain

W(f®) = Ong + s €2y
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with
h(fo) = 3t0f0 + v Vlfo + m_lFso(X1 Sb) 01f0 — ng
4 4
— 2T — Y B (32)
i=2 §=2
where

~

T = 2@t [ DO D) + $Q) — $(1) — $@) v * k d

Vo1'k

oot [ SECIIE (o 41y - 0490
_ S 1K)y o 1) — 0,81 Gufo1) FO2) vy - K d dv, dI

1-v,, —i0
(33)

and

Asp = — @n*/m?) kT f GVl + 8:8(1 - vip) FO(1) FOL - D15l B(1) + $(2)]
(34)

where the superscript 0 on 0, J3, , J°( g&"), and B%( g{”) means that in these
expressions we have set f = f° and 8,° denotes the zeroth-order time deri-
vative of hydrodynamic variables. The quantity f°(i) = fo(x,,v;, t) is the
local equilibrium distribution function defined as

£GP = 16 0) | gy ) o0 |~ gy e — ki OF
69)

The quantities #, 7, and u are the local density, temperature, and mass-
average velocity, respectively. The quantity (i) represents the deviation of f
from local equilibrium and is defined by the relation,

J@ =70 + ¢()] (36)

The operator (/s is identical to the Fokker-Planck part of the Rice~
Allnatt collision operator, but ¢/y¢ differs from the Enskog operator em-
ployed in the Rice—Allnatt theory since we did not use the chaos assumption
of Enskog. The added contribution to our hard-sphere collision operator is
real since it does not vanish in the weak coupling limit, —k7TG, — V,, where
our assumption two is exact. The contribution represents dynamic corre-
lations neglected by Enskog’s chaos assumption. PNM obtained similar
contributions in their local equilibrium theory.
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The operators 7y and (Zs are symmetric and admit the solutions ¢, =
m, v, v2 to the homogeneous equation

i, + Olsiby, = 0 37

Thus, the Fredholm solvability condition requires that the left-hand side of
Eq. (31) must be orthogonal to m, v, v4, i.e., the /hs of (31) when multiplied by
m, v, , and v,2, respectively, and integrated over dv; must equal zero. Per-
forming these integrations, we obtain the following solvability conditions:

8o + V, + () = 0 (38)
20 +w - Vou -+ (1/mn) VP = 0 (39)
0T +u « V. T + (T/nC )@P/oT), V, *u = 0 (40)

These equations (which define the zeroth-order time derivative 8,°) are the
exact nondissipative hydrodynamic equations demanded by condition 3 of
our model. If, as RA did, we neglect the contributions g&, gi’, and g&, the
ideal specific heat is C'P = $k and the hard-sphere pressure PH appear in
these equations instead of the correct specific heat and pressure. The correct
specific heat is obtained only if the memory and time displacement terms
g and g are retained. The reason for this is that neglect of g§ and
gV is equivalent to assuming the collisions are instantaneous and, therefore,
occur too quickly to allow kinetic energy to be stored as potential energy.
Therefore, only the ideal heat capacity associated with the kinetic energy will
be effective.

Using Egs. (38)—(41), one can eliminate the time derivatives 0,1, ¢,%,
and 0.°T from A( f°). However, it is not convenient to do this explicitly. In the
calculations that follow, we evaluate integrals over dv, involving products of
A(f% with certain functions of v;. It is generally easier to evaluate the
integrals first and then eliminate 2%, ¢,%a, and 0,°T from the results using
Eqgs. (38)-(41).

On the basis of the kinetic theory of gases, it is expected that a good
approximation to ¢ is(®-10

b = b () €O : Van + aym (%— ’;kCT)c V,In T

[15 _ SmC? T m2C*
a4kT 8kT)?

1 by ]Vl-u (41)

where C°C is a traceless dyadic,

C'C = CC — {C* 42)
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and
C=v—u (43)

and where the quantities b, , b, , and a, are determined from the equations

[ av coc, gh( 1) — by () (@s + AHCC : Vlug —0

)
1 5 2 20 4
Jonls "5+ Serre]
X ) — b + 1) [ — S+ 3] Vi = ®
5
Janea s -5
X () — am@ + @) (3~ ) Vot 7| = o

with w = 0 in Eq. (46). Performing the lengthy integrations indicated in
Egs. (44)-(46) and eliminating 8,%#, 0,%u, and 9,°T from the results, we obtain

— —om 2eS+ PS+ PH)  mnd® B
bo = 3(88, + Ly + 89 [1 T SnkT 5 G(a)(1 X3)]
(47)
m pH 4 opP eSS 3
b= — s | e o), e 8)
12¢8 7
+ nkeT - % no®G(o) (X5f + g Xs)] (48)
and
sty — 2 [1 oo (65 4 P54 P)
A 30+ D) SnkT
1 o€ 2 rncd
+ 3nk ( ;T )P =+ 711'7;0' G(0)(8&3 — 126, — x3 — 4)] (49)
where
t = 8(mmkT)!2 no*g(o) (50)
{12) = —(27/3) 62G(c) n(mkTY2[(2/m'/?) + 3X2 — 2X4] (51)

{8 = —(167%3) n(m/kT)L2 f " Al BYSG, (52)
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PR = (27/3) no®¢(c) nkT (53)
Ps = —Quf3)nt [ dr P[AVS(r)dr] G(r) (54)
oS — Dmn? jm dr r2Vs(r) G(r) (55)

0
£y = — (1) 1,/87G(0)] | " dx xG(ax) P,() (56)
1, = | dylexp(—y?)] y-* (57)
Pu) =16 [ dp st — 1+ w7 (58)

Xn = —Eat QL7 Pn) + [(—1)* L3m2G(0)] [ dx xGlon)dP,(x)/dx]
: (59)

The quantities P,(x) can be evaluated explicitly. For x > 0 the first five
P, are

Pi(x) = —16[x — (x2 — 1)!72] (60)
Py(x) = 8x — 4(x2 — 1) In|(x + 1)j(x — 1)| (61)
Py(x) = —16x + (32/3)[x® — (x* — 1)*2] (62)
Py(x) = 2x(5 — 3x%) + 3(x2 — 12 Inj(x + D)/(x — 1)| (63)
Py(x) = —16x - (64/3)x3 — (128/15)[x5 — (x* — 1)3/2] (64)

For tracer self-diffusion with V,7 = u = 0, we can solve the kinetic
equation by setting ¢(2) = 0 and taking

#(1) = dv, - Vyln n* (65)

where n* is the tracer element concentration and where d is obtained from the
equation

j dv, viih(F%) — d(@u* + (ls®) vy » Vy In 0¥} = 0 (66)

The asterisk on (Zy* and 0/s* means that $(2) = 0 for the self-diffusion case.
The result is

d = — 1, + & + 0 (©7)

H = —(2a/3) no*G(o)(mkT)M2 y, (68)
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Finally, the doublet distribution function, to first order in gradients of
u and 7, is of the form

[KLG ) a{ FAPTQPIH) + QT + Y,

Lv,ve;Xy,0) = —
&L, vy, Va5, 1) v, A
(69)
@0 ;

where the superscript 0 on g3 indicates that we have set f = 9 in the expres-
sions defining these quantities.

3. THE TRANSPORT FLUXES AND TRANSPORT
COEFFICIENTS

The kinetic parts of the heat flux ¢ and momentum flux J are by definition

ax = dm [ f(, e, 00 — wp(y — ) dv, (70)
and
Je=m [ foa, v, 0 — wn — w dv, (71)

The potential energy contributions to q and | from binary hard-sphere
collisions are

= —jmo* [ (v PRk (v, — 20)
vo1° k>0
X folXq1, X; — ok, vy, vy, 1) dk dvy dv, (72)
and

b = bmo® [ (v WP RSy, Xy — ok, vy, ¥y, 1) d vy vy
Va1-k>0
(73)
The potential energy contributions from the soft part of the potential energy
al-e(ll)

1
q,° =Zf(v1+v2—2u)' [1Vs(r)—r
X folXy, Xy -+ ¥, Vg, Vo, 1) dr dv, dv,

0
= 278 f (v + vy — 2u) [1 Vs + (—él—lVlS)] g1, vy, ¥y ; Xq, t) dldv, dv,
(74

L

1 ovs
1S = ~3 r—a}gﬂﬁ(xl,x1+r,vl,vg,t)drdvldvz

2 S
— 2 r avs(r) dr+4ﬂsf(_5_wls) &, V1, Vs 3 X, , 1) dl dv, dv,
2 or a o)
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The term involving f(x;, vy, ) f(x; -+ I, vy, ), obtained by setting f, =
g + f(1) f(2), vanishes in Eq. (14) through first order in gradients of n,
u, and T and to the same order the corresponding term in Eq. (75) gives the
contribution
n? ovs(r)
— 20"

de= 1% [ 220 76)

Using the values of f, f; , and g, obtained in the preceding sections, we can
compute the various contributions to q and J. Then, comparing the molecular
expressions to Fourier’s and Newton’s laws,

q=—xVT an
and
J=P1 — &V, ~ul — 9[Viu 4 Vyu7 — 2V, - ul] (78)

we obtain the various contributions to the thermal conductivity «, the shear
viscosity 5, and the bulk viscosity @. The results are as follows.

Thermal Conductivity

*

[ 14 s @ P 2+ (57,

NG O 23
+ 2T Glo)(8E — 126, — o — )] (19
KM = [g mno'g(e) + {x na3G(a)(l -+ 2x3)]

-t (B2 ot [ (o) — - GO e — )]

32 1)2 12
- 22757 (kT T 38T ”2"6G(“)( ) 52] é) (80)
s 1 gps 25675 262 9
K0F = = (el;kT L e+ 5 < e (Mt 3 Wt W)
i 2.2 2.2
+ ke [ (67202 Wy + o WZ)U 81)
where
K* = (75/6402) (k3T jmm)L/2 (82)
and
0% = SnoXamkT)2[3 (83)

822[7/3-4
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Shear Viscosity

— n* . 2(eS + PS4 PH) mno® -
e (Zg) + Z(};) + IH/L* [1 N SnkT G(o)(1 Xa)]
(84)
1. = i[5 nete() + T neGo)1 — 3]

+ B oty [5(0) + T 6(0) xa — S G(o)BE — 82)]  (85)

_AS— P 128 iR
T T gk KT 5 T kr !

where

QW + W) (86)

n* = (5/160%)(mk T}m)1/2 87

Bulk Viscosity
Py =0 (88)

T itotn* [g0) — 3 GEo) (£ — 7 )]

[(alin>,+ & (o) i)

DM = by*mno*G(o) n* +

sl

kT
X [t G(o)IeT ]| (89)
9 ps 12875 n2o? 4 5129*
5 — . Zph* 3 a _
O = —3b" Sp g5 1 (Wt 3V W) — s
8 1/ oP P 775n o2
% 2[( Blnn)r+ nC, ( aT)n(am T),,][ Gy Pt Wz)]s
(90)
3¢* —* PH 4 (aP\[ e |3
* _ 4 3
b m b w T f + 88 [1 + nkT  nC, ( oT )n(nkT k& 8)
12 ' 7
+ nkeT - ”g‘ no*G(c) (Xs + g Xa)] @1
The quantities W, are by definition
= [y v o
0

The other quantities in Eqs. (79)—(92) were defined in Egs. (47)—~(59). The
total values of «, 7, and @ are, of course, obtained by summing the three
parts given for each.
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In the self-diffusion case, the diffusion flux is
Jo=m [ wfdv = dkTVp* 93)
which, when compared to Fick’s law,
Jy = — DV n* 94)
gives for the self-diffusion coefficient the resuit
D = —dkT 95)

Taking d from Eq. (67), we obtain

kT
GRS %)

The last terms in Egs. (81) and (90) arise from the memory and temporal
delocalization contributions g&'° and gi"°. These terms are singular, and
hence of great importance, at the critical point. Also ¢, contains a singular
term arising from g° and giV%. Thus, the neglect of the memory and time
evolution of delocalization would have serious consequences, at least near
the critical point. Using van Kampen’s'® approximation to G, near the
critical point, we can conclude from the above results that « and @ are
singular at the critical point, while » and D are not. This is in qualitative
agreement with experiment. However, whether the quantitative nature of the
singularities predicted for « and @ agree with experiment has not yet been
established. Work on this point is underway at present.

The terms in «, 5, @, and D involving the y, and &, functions arise from
the dynamic correlations mentioned earlier. If Enskog’s chaos assumption
were used in the hard-sphere contributions, these terms would not appear.

Using the values for the radial distribution function computed for the
superposition approximation by Kirkwood et al"® for the truoncated
Lennard-Jones model, we have computed the self-diffusion coefficient for
liquids argon, krypton, and xenon. The quantity i, is much smaller than
L) -+ {8 so that Eq. (96) gives essentially the same numerical results as the
original Rice-Allnatt approximation, D = kT/({fj, + £5). In Table I, theory
and experiment® are compared. The theoretical values disagree with
experiment by only 20% for temperatures below 0.97,, where 7, is the
critical temperature. For higher temperatures the disagreement becomes
increasingly greater. Numerical predictions of the viscosity and the thermal
conductivity have not been made presently, although in the dense fluid
range they should be about 5-159, higher than the predictions of the PNM
theory. The PNM theory predicts® the viscosity and thermal conductivity
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Table I. Self-Diffusivity (in units of cm?/sec) of Liquids
Argon, Krypton, and Xenon Along the Vapor Pressure

Curves
Substance T,°K Dfcalc) x 10° D(obs) x 10°
Argon 90 33 2.4
110 4.8 4.8
130 6.9 7.3
140 8.6 8.6
148 11.5 9.8
Krypton 120 2.5 1.7
140 32 2.7
160 43 3.7
180 57 4.5
200 8.2 5.6
Xenon 220 3.8 4.4
240 47 52
260 6.0 6.0
280 8.0 6.2
285 9.2 6.2

@ Theoretical predictions based on Eq. (96) and experimental
values taken from Ref, 24.

of the inert gas liquids with generally no more than about 30 % error, usually
Iow, so that we can expect the present theory to predict these transport
coefficients with no more than 25 %, error.
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